Calculations on H 2 D ϩ and D 2 H ϩ have shown that the energy levels of these asymmetric isotopomers of H 3 ϩ cannot be reproduced using effective potential energy surfaces with D 3h symmetry. It is shown that for these ions the adiabatic correction to the Born-Oppenheimer approximation has an asymmetric component which can be expressed as a mass-independent surface multiplied by a mass factor. An expression for this function is obtained from ab initio calculations. Use of this adiabatic correction is found to resolve the discrepancy with the levels of H 2 D ϩ and D 2 H ϩ . The ab initio calculations reported reproduce the observed H 2 D ϩ transitions with an average error ͑obsϪcalc͒ of Ϫ8 MHz for the rotational transitions, Ϫ0.06 cm Ϫ1 for the 1 band, Ϫ0.13 cm Ϫ1 for 2 , and Ϫ0.19 cm Ϫ1 for 3 . These errors are nearly constant for all transitions within a vibrational band. This gives a very accurate ab initio framework for predicting unobserved transition frequencies.
I. INTRODUCTION
The H 3 ϩ molecular ion has been the focus of much recent attention because of its fundamental nature, its astrophysical importance, and its unassigned near dissociation spectrum. It has been the subject of a number of recent reviews. [1] [2] [3] [4] Much of the spectroscopy of the low-lying levels of H 3 ϩ and its deuterated isotopomers is now understood; a situation which has only been achieved because of considerable interaction between ab initio theory and experiment. 1, 4 However there remain many unassigned lines both for H 3 ϩ5 and the mixed isotopomers H 2 D ϩ and D 2 H ϩ . 6 Recently calculations of H 3 ϩ spectra have made significant advances on two fronts. The use of electronic wave functions which explicitly include the electron-electron coordinate within the so-called Hylleraas-CI method have led to the calculation of potential energy surfaces very close to the Born-Oppenheimer ͑BO͒ limit of the system. 7, 8 Variational nuclear motion calculations have also been used to invert the wealth of spectroscopic data on, in particular, H 3 ϩ and D 3 ϩ to give very accurate effective potential energy surfaces for these ions. [9] [10] [11] Calculations using the ab initio potential energy surfaces have suggested that the largest outstanding error in the ab initio determination of the rotation-vibration states of H 3 ϩ and its isotopomers is the BO approximation on which these surfaces are based. 8, 11, 12 Similarly calculations with the spectroscopically determined effective surfaces showed that surfaces optimized for one isotopomer performed significantly less well for the other isotopomers, 10 a situation ascribed to the failure of the BO approximation. 10, 11 The limited accuracy of the BO approximation for the light H 3 ϩ system is probably not too surprising. More unexpected was the discovery by Dinelli et al. 10 2 , and an asymmetric stretch, 3 . All three fundamentals have been observed [13] [14] [15] [16] for both isotopomers. The rotational spectrum of H 2 D ϩ is particularly important for astrophysical observation, 2,4 but only two transitions have been observed in the laboratory. [17] [18] [19] Furthermore the infrared spectra of H 2 D ϩ and D 2 H ϩ are difficult to interpret with a number of reassignments having been made using effective Hamiltonians 20, 21 or ab initio calculations. 22 Dinelli et al. 10 found that the splitting between the 2 and 3 modes predicted for H 2 D ϩ and D 2 H ϩ was significantly in error when computed using potentials obtained for the symmetric isotopomers. They argued that this splitting could only arise from terms in the Hamiltonian which are asymmetric in D 3h symmetry. As they used an exact nuclear kinetic energy operator within the BO approximation, they concluded that the effect was caused by non-BO terms which were asymmetric in D 3h symmetry and neglected in their calculations.
Recently Dinelli et al. 12 used a method proposed by Handy et al. 23 to obtain ab initio estimates of the mass dependent adiabatic correction for H 3 ϩ and D 3 ϩ . In this paper we show how the calculations of Dinelli et al. can be extended to give the asymmetric adiabatic correction. We show that this correction can be represented as a single surface, with an appropriate mass factor, for both H 2 D ϩ and D 2 H ϩ , and that use of this surface explains the unexpected 2 Ϫ 3 splittings in these systems.
II. SURFACES FOR THE ADIABATIC CORRECTION
Dinelli et al. 12 followed Handy et al. 23 and calculated a series of mass-independent integrals which, for each nucleus I, are given by 
In Eq. ͑1͒, Q are the internal coordinates and ⌿ is the electronic wave function for which Dinelli et al. used wave functions of near-Hartree-Fock quality. From these integrals, and neglecting any effect of the electrons' translational motion, the adiabatic correction can be written as
where the m I are the nuclear masses. We write the effective, mass dependent potential for the ith isotopomer as
where V BO is the Born-Oppenheimer potential. In this work we use the BO potential calculated ab initio by Röhse et al.
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⌬V ad S (Q) is the symmetric adiabatic correction which contributes to all the isotopomers of H 3 ϩ and which has already been studied by Tennyson and Polyansky, 11 and Dinelli et al. 12 ⌬V ad A (Q) is the asymmetric adiabatic correction which is needed for H 2 D ϩ and D 2 H ϩ . The mass dependence of the potential is explicitly given in terms of the reduced masses i S and i A . To obtain the functional form of the asymmetric adiabatic correction it is necessary to first correctly identify the symmetric portion of the adiabatic correction. For a general geometry, Q, for which none of the atom-atom distances are equal, the integral f I will be different at each nucleus. In this situation the symmetric adiabatic correction is obtained by considering the three possible cyclic permutations of the nuclei ͑the anticyclic permutations add nothing͒:
This expression simplifies to
͑5͒ which clearly has the desired symmetry.
Consider the case where atom 1 has mass M , and atoms 2 and 3 both have mass m. From Eq. ͑4͒ the symmetric component of the adiabatic correction in the desired mass factored form is:
͑6͒
If one defines the remaining adiabatic correction as the asymmetric component, then
This can be simplified to
which, like the symmetric component, has the desired form of a mass-independent surface multiplied by a mass factor. In our form the reduced masses are given explicitly by
Fits to the computed adiabatic corrections were obtained in symmetry coordinates:
where R jk is the distance between atom j and atom k. Note that we do not employ the Morse transformed coordinates used previously. 8, 12 For the symmetric component we employed the expansion used previously for the potential: 7,8,10,12 12 who copied the 69 geometries used by Röhse et al. 8 The 58 geometries which are not equilateral triangles provide two items of data each for the fit of the asymmetric component which are obtained by permuting the atom labels. Nonisosceles triangle geometries, however, do not yield a third point as it is possible to generate this value simply by differencing the other two. Least squares fits of the coefficients V n,mk, in Eqs. ͑11͒ and ͑12͒ to the ab initio data were performed for each of the components separately using 25 terms in each expansion. For a mass factor appropriate for H 2 D ϩ , these fits give standard deviations of 0.008 and 0.002 cm Ϫ1 for the symmetric and asymmetric components, respectively. The coefficients are given in Table I .
III. RESULTS AND DISCUSSION
Calculations were performed for H 2 D ϩ and D 2 H ϩ using previously optimized 24 basis functions and the TRIATOM program suite. 25 Because these calculations were considerably more accurate than any we have previously attempted on this system, it was necessary for us to test our basis sets so that we did not introduce any systematic effects due to lack of convergence. Test calculations showed that using energy selected basis sets comprising 1200 functions for the first, 'vibrational' step in the calculation and 350ϫ(Jϩ1) functions for the second step 25 was sufficient to converge the energy levels of interest to within 0.0001 cm Ϫ1 . Initially calculations were performed with no rotational excitation, Jϭ0, to obtain the band origins predicted by the new potentials. These calculations were performed using previously optimized 24 basis functions and the TRIATOM program suite. 25 Our results are summarized in Table II . Table II 10 Neither of these potentials allow for the asymmetric component of the adiabatic correction and calculations which both give significant errors when compared with the observed band origins. Particularly notable are the errors in the splitting between the 2 and 3 band origins, which are large and systematic. These errors are greatly reduced with our ab initio non-BornOppenheimer ͑nBO͒ effective potentials. In particular the error in the 3 Ϫ 2 splitting is reduced by an order of magnitude.
It is interesting to note that our residual error in the 3 Ϫ 2 splitting is ϩ0.01 cm Ϫ1 for H 2 D ϩ and Ϫ0.01 cm Ϫ1 for D 2 H ϩ . The mass factors in the asymmetric adiabatic correction act to give an equal and opposite correction to these two isotopomers and these residual errors suggest that we may have underestimated this correction by about 10%.
The accuracy of these predictions encouraged us to undertake a more detailed comparison for H 2 D ϩ . We performed calculations using our nBO potential for J up to 7, the highest rotational level for which transitions have been observed. 20, 22 are indeed correct and that three other transitions lie far enough away from our predicted transition frequencies to make their assignments very doubtful. These transitions are marked in Table III . Table III shows that if due allowance is made for the systematic shift in a particular vibrational band, individual transitions can be predicted with an accuracy of better than ϩ . The similarity between the errors obtained for similar modes in different isotopomers suggests that the underlying error is due to the mass independent portion of the potential. From such a comparison it is not possible to distinguish between residual errors in the BO potential and other mass independent effects such as the relativistic correction. However we note that the calculations of Röhse et al. 8 were about 1 cm Ϫ1 away from the exact BO energy of the system. Careful analysis of the transitions within a band shows that there is a systematic variation in the error as a function of J. In particular, for the 2 and 3 bands the transitions involving higher J's give smaller errors. It is likely that this reduction of error is actually fortuitous and due to some cancellation. In particular it is possible that the higher J levels are increasingly affected by nonadiabatic effects which are J dependent. 26, 27 However, one should first resolve the problems with the larger, systematic errors in the band origins before pursuing this hypothesis.
IV. CONCLUSIONS
We have constructed a mass dependent adiabatic correction to the Born-Oppenheimer ͑BO͒ potential of H 3 ϩ and its isotopomers which has lower symmetry than the purely BO potential. We have tested the resulting asymmetric effective potentials on the asymmetric isotopomers H 2 D ϩ and D 2 H ϩ , and found that this resolved the previously noted problem 10 with the splitting between the 2 and 3 band origins of these ions. The adiabatic correction to the BO approximation was found to be the source of the discrepancy.
Detailed comparisons between our calculations and observed transition frequencies for H 2 D ϩ give excellent agreement, which solves the problem of assigning H 2 D ϩ and D 2 H ϩ transitions which has existed for many years. However, small systematic errors give pointers to how the ab initio computation of these transition frequencies might be further improved. 
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